We examine the dual correspondence between holographic IIB superstring theory and N = 4 super Yang-Mills theory at finite values of the coupling constants. In particular we analyze a field theory strong-coupling expansion which is the S-dual of the planar expansion. This expansion arises naturally as the AdS/CFT dual of the IIB superstring scattering amplitudes given a genus truncation property due to modular invariance. The space-time structure of the contributions to the field theory four-point correlation functions obtained from the IIB scattering elements is investigated in the example of the product of four conserved stress tensors, and is expressed as an infinite sum of field theory triangle integrals. The OPE structure of these contributions to the stress tensor four-point function is analyzed and shown not to give rise to any poles. Quantization of the string in the background of a five-form field strength is performed through a covariantized background field approach, and relations to the N = 4 topological string are found.
Introduction
Holographic string scattering within the conjectured duality between N = 4 super YangMills theory and IIB superstring theory [1, 2, 3] has led to many interesting results within the low-energy supergravity approximation of string theory. According to the Maldacena conjecture, the string theory parameters α ′ and g s , the inverse string tension and the string coupling, are related to the field theory parameters N and λ, the number of colors and the 't Hooft coupling, by
where L is the AdS radius. The supergravity approximation to string theory is valid if the string coupling is small and if the inverse string tension is much smaller than the square of the AdS radius. In the dual field theory this regime pertains to both N and λ very large with g YM small. In this approximation a variety of N = 4 super Yang-Mills theory correlation functions have been calculated and properties of the strong coupling limit of the gauge theory found using the AdS/CFT correspondence (an exhaustive list of references may be found in [4] ). Non-trivial renormalization properties of the correlation functions, as well as the correspondence between field theory operators and string states, provide evidence for the AdS/CFT correspondence. For correlation functions satisfying a non-renormalization theorem, such as two-and three-point functions involving conserved currents or scalar chiral primary operators, these results have been used successfully to test the AdS/CFT correspondence by finding agreement between the strong coupling AdS results and weak coupling perturbative field theory calculations [5, 6, 7, 8, 9, 10] . Further non-trivial tests of the correspondence in the supergravity approximation are provided by non-renormalization theorems for extremal n-point correlation functions with n ≥ 4 and by non-trivial renormalization properties of related correlators [11, 12, 13, 14, 15] . However holographic string scattering, as formulated in [3] , provides a generating functional also for finite values of the coupling constant. By virtue of the AdS/CFT duality, this formulation provides additional constraints on both string and field theory given that the AdS/CFT duality holds at finite values of the couplings. The OPE structure of N = 4 super Yang-Mills theory is directly related to the string scattering, and also to the truncation of the string theory to its massless modes in a string-inspired regulated supergravity context as discussed in [16] .
A natural extension of the supergravity limit investigations towards the intermediate coupling regime is to relax the conditions of the supergravity low-energy limit and to consider string contributions to the correlation functions. This amounts to investigating the consequences of the duality in its "strong" form, i.e. to assume its validity for any value of N and λ, and to analyzing its consequences both for the boundary field theory and for the superstring itself. A first step is the consideration of corrections to the massless mode scattering of supergravity in an expansion in the inverse string tension and in the string coupling in the holographic context [17] , as opposed to a direct path integral quantization in the five-form background. This weakly coupled parameter region of string theory with α ′ and g s small corresponds on the field theory side to the parameter region where
For the stress tensor four-point function, the first non-trivial α ′ correction was considered in [17] with regards to instantons within the AdS/CFT correspondence. On the string theory side, this correction is given by [18] 
where R is the curvature tensor contracted in the way well-known from the tree and genus one scattering amplitude in IIB string theory. The tensor t 8 and its contraction with R 4 will be given in more detail below. f 0 (τ,τ ) is a non-holomorphic Eisenstein series, E 3/2 (τ,τ ), whose form is strongly constrained by the SL(2, Z) invariance of IIB superstring graviton scattering. In the quantum supergravity limit where string modes are absent there is a piece of this structure that remains upon specification of the string-related regulator of the supergravity. Furthermore in the classical limit of supergravity, there is a SL(2, R) symmetry which has implications for N = 4 super Yang-Mills at infinite N and λ, as discussed discussed in detail in [19, 20] . To the derivative order given by (1.3), the low-energy scattering of gravitons (and of the other fields of the string) receives tree and genus one contributions from the string perturbation expansion in g s , as well as non-perturbative contributions from D instantons. Within AdS/CFT, the argument τ in (1.3) is related to the Yang-Mills variables by
(1.4) f 0 (τ,τ ) has the correct coupling constant dependence to agree with field-theory instanton calculations.
In [17] it was shown that AdS 5 × S 5 remains a solution of the string theory equations of motion in the presence of the term (1.3) to all orders in g s . This is essentially due to the symmetry properties of the t 8 tensors which ensure that only the Weyl tensor part of the curvature tensors contributes to (1.3) . Since the space AdS 5 ×S 5 is conformally flat, its Weyl tensor vanishes. The space-time dependence of the four-point function contribution obtained from the four-dilaton term in the low-energy S-matrix in (1.3) was calculated in [21] , where it was shown for holographic dilaton scattering that its short-distance singularities are at most logarithmic.
On the string theory side, several extensions of (1.3) to higher orders in α ′ have been discussed. These include terms involving the five-form field strength F 5 [22] , a direct SL(2, Z) covariantization of the IIB tree-level graviton scattering involving derivatives acting on the R 4 structure [24, 25] , as well perturbation theory based on a manifest SL(2, Z) invariant theory [26] . The 2 2 R 4 next to leading term was analyzed at genus two in [27] . Supersymmetry constraints on the string expansion to lowest order were investigated in [28] . In all of these cases S-duality or modular invariance play a crucial role in determining the coupling dependence in terms of Eisenstein series (See also [29, 30] ). For graviton scattering, an extension of the S-matrix that is compatible with perturbative string theory and the known results in maximal supergravity, as well as with unitarity of the massless sector, has been given in [16] .
Via the AdS/CFT correspondence, all of these string theory scattering amplitudes give rise to contributions to the stress tensor four-point function at strong 't Hooft coupling. The λ and N dependence of these contributions corresponds to a resummation of the perturbative series as well as to a 't Hooft expansion around an instanton background. The fact that the coupling dependence of the string theory amplitudes is strongly constrained by modular invariance implies on the field theory side that the 't Hooft large N expansion, for which
has only a finite number of perturbative terms in λ at each order in N, considered for the instantonic terms in [31] . Of course, the derivation of this result requires the assumption that the large λ expression obtained from string theory may be analytically continued to the weak coupling regime determined by the 't Hooft limit (1.5). The instanton sector non-renormalization theorem following from this assumption, where "non-renormalization" means that there are only finitely many perturbative terms for a given order in 1/N, is consistent with the results of [32, 33, 34] , where instanton contributions are calculated to leading order in α ′ . We refer the reader to [35] for a comprehensive review. In this paper we consider the extension of the IIB superstring S-matrix to all orders in α ′ and g s given in [16] . By virtue of the AdS/CFT correspondence we examine its consequences for N = 4 super Yang-Mills theory. In the superstring theory, there are, for example, higher derivative terms in the covariantized S-matrix which are generated by
Here 2 k R 4 is a shorthand notation for derivatives acting on some of the curvature tensors. The 2 k R 4 terms have the same supersymmetry weight as the R 4 H 4k amplitudes of the N = 4 topological string [36] . As discussed in [16] , the functions f k in (1.6) are again severely constrained by modular invariance, which strongly suggests in particular that at order k in α ′ , there are only finitely many perturbative corrections up to a maximum genus g max = 1 2 (k + 2) for k even or g max = 1 2 (k + 1) for k odd. We refer to this behaviour as the genus truncation property.
Using the strong form of the AdS/CFT correspondence, we calculate the contributions to the stress tensor four point function arising from (1.6) and from further polynomial terms in the string scattering elements. We derive the λ and N dependence of these contributions from the functions f k using the relations (1.1). A further essential ingredient of our analysis, motivated by the importance of modular invariance in this context, is to reorganize the series for the coupling dependence into terms involving the S-dual of the 't Hooft coupling
Furthermore the S-dual of the original 't Hooft limit (1.5) is given by
From the point of view of the original 't Hooft coupling λ this is clearly a strong coupling limit since both λ as well as the Yang-Mills coupling g YM are very large in this limit 1 . We find that in this dual 't Hooft limit the perturbation series in λ D arising from the modular functions f k contains just the terms corresponding to the highest genus contribution for each α ′ on the string theory side, given that the genus truncation property holds. This leads us to the result that given the strong form of the AdS/CFT correspondence, the genus truncation property is equivalent to the convergence of the strong coupling perturbative expansion of N = 4 SYM in λ D in the dual 't Hooft limit.
Since g YM is no longer small in the dual 't Hooft limit we are outside the parameter region given by (1.2). We do not prove the convergence of the S-dual to the planar series here. However the original proof of the convergence of the planar series in λ [38] , according to which the planar expansion has a finite radius of convergence, in combination with the strong implications of S-duality, provides a strong argument in favour of the convergence of the λ D series in the dual 't Hooft limit.
Furthermore, we determine the spatial dependence of the contributions to the stress tensor four-point function arising from (1.6), which correspond to contact diagrams for the graviton scattering, and investigate their short-distance limit when two of the four point approach each other. In particular, we show that (1.6) does not contribute any leading terms to the OPE. This implies that there are no poles, which is consistent with the instanton nature of (1.6), and also with Ward identities relating the four-point function to the threepoint function for which a non-renormalization theorem holds. Another consequence is that these contact contributions to the stress tensor four-point function do not contain any term which factors into two two-point functions (in contrast to the exchange contributions, which also contribute non-trivially to the Ward identities).
The outline of this work is as follows. In section 2 we examine the generating function of correlation functions given by the holographic string scattering of gravitons dual to the composite stress-tensor operators. We analyze the coupling constant structure and re-organize the planar expansion into its S-dual relative. In section 3 we examine the latter series and convergence with regards to the modular properties of the string scattering. In section 4 we derive a generating functional as a one-parameter integral representation that resums an infinite class of known contributions of the string scattering (with similar resummations in integral form). We also examine the unitarity structure of the holographic scattering with regards to the correlation functions in the dual gauge theory. The space-time structure of the correlation functions are examined in section 5, and using conformal inversions, the holographic contact diagrams are expressed as triangle one-loop integral functions. The tensor structure is obtained by extracting appropriate derivatives. We also consider related box diagrams relevant for contact diagrams as well as for massless supergravity exchange diagrams. The pole structure of the finite coupling constant dual correlators is examined and shown to be sub-leading away from the infinite coupling limit when only the contact diagrams contribute. In section 7 we conclude and discuss related avenues.
N = 4 Correlation functions from IIB Quantum Smatrix
In this section we examine the α ′ and g s expansion of IIB superstring theory in the background of the AdS 5 × S 5 space with regards to deriving the super Yang-Mills theory correlators and their coupling dependence. We begin by discussing terms in the α ′ expansion which lead to contact diagrams for the four-graviton scattering. Then we discuss terms in the expansion which lead to exchange diagrams. Subsequently we show how Yang-Mills correlators are obtained by virtue of the AdS/CFT correspondence and discuss their coupling dependence in detail, in particular the implications of the genus truncation property.
As discussed in [16] , the low-energy derivative expansion of the IIB superstring S-matrix in ten-dimensions for energies such that s < 4/α ′ involves contributions of the form
in Einstein frame and where f k (τ,τ ) are invariant non-holomorphic functions under fractional linear transformations of the IIB string coupling constant τ = χ + ie −φ , which we label as τ = τ 1 + iτ 2 . The individual terms in (2.1) are
together with mixed derivatives on the curvature tensors (at tree-level in momentum space the tensor has the form s k + t k + u k ). The expansion in (2.1) pertains to the four-point graviton scattering amplitude; higher n-point amplitudes involve further curvature tensors (related to additional polarization vectors). The generic R 4 structure has not been explicitly shown to be the unique tensor at higher-genus, although there is evidence based on multiloop IIB supergravity scattering [39] as well as in multi-genus superstring scattering; further symmetry structures of the indices constrain the possible forms, as discussed below. We consider the generic R 4 tensor structure to be a consequence of N = 8 supersymmetry. In momentum space, 2 k represents the symmetrized factor
3) with the invariants
at tree-level, and more general (unknown) combinations s k 1 t k 2 u k 3 (with k 1 + k 2 + k 3 = k) at higher-genus. Note that s + t + u = 0 and s 3 + t 3 + u 3 = 3stu via momentum conservation. Furthermore, the R⊗R five-form effects coupled with the R 4 have the expansion
Consistent classical propagation of the string requires the beta function conditions
and we take this to hold at higher order (potential corrections at higher order in α ′ , i.e. at four loops, potentially produce an R 4 counterterm which vanishes in the background as required by stability).
The tree-level coefficient in (2.5) in string frame has the coupling constant
with successive τ −2 2
at higher genus; the conjecture in [22, 23] generates the form of (2.5) at genus zero and genus k − 1 for a given k. Lastly, a multi-point graviton scattering amplitude generates terms in the quantum generating functional of the S-matrix of the form
where a tensor contraction of the curvature tensors is implied and may be found by performing amplitude calculations in the IIB superstring. The analysis of the coupling constant structure of these terms in (2.8) and (2.5) is similar to that in (2.1).
In the background field approach, the substitution of the AdS 5 × S 5 metric into (2.8) leads to a contraction of four R µν terms in the expansion, and the question arises as to how many independent tensors this term may generate. The Weyl symmetries and those of the four-graviton scattering permit in general three independent tensors, and requiring stability of the background implies that the contribution of the higher-derivative term in (2.8) gives rise to the same R 4 term as before but with a coupling constant structure associated with the higher derivatives. The form has an overall factor of 1 9) in addition to the relative higher string coupling constants associated with the genus corrections in h (n) (τ,τ ).
The form in (2.5) and in (2.1) may be found by performing explicit S-matrix calculations in IIB superstring theory. In (2.5) a background value F 5 and g
AdS µν
( R µν ργ ) generates additional contributions in the covariantized scattering to those obtained from that in (2.1) within the AdS/CFT correspondence. Note that in the on-shell quantum corrected effective action there is no requirement to have an off-shell IIB description of the action for the self-dual five-form.
In addition to (2.5) and (2.1) which lead to contact bulk four-point interactions for gravitons on the anti-de Sitter space, there are also exchanges of the massless modes at tree-level. They contribute a term of the form 10) to the quantum corrected on-shell action found from the S-matrix. Here the inverted 2's are arranged so that in momentum space the factor stu is found. In the holographic context these exchange contributions have been analyzed in a number of works and correspond to the infinite N and λ results. There are further non-analytic terms in the S-matrix related to the thresholds of the massless modes and unitarity, which may be constructed iteratively following the analysis in [16] from the SL(2, Z) construction of matrix elements in IIB superstring theory. We now investigate the coupling dependence of these S-matrix contributions. The functional form in (2.1) represents the polynomial terms that arise from integrating out the massive modes at genus g ≥ 0 and the massless ones at g ≥ 1 in the genus expansion (in the string field theory this arises in a well-specified regulator). An ansatz for the functional form of f k (τ,τ ) using Eisenstein series has been proposed in [16] . The general perturbative structure of f k (τ,τ ) required by the dilaton dependence of IIB superstring perturbation theory is
which is a decreasing power series in the string coupling constant τ 2 2 . In (2.11), the index k labels the order in α ′ (twice the number of derivatives with respect to the eight derivative R 4 term) and the subscript on a i the contributing genus order. In [16] it was conjectured that this series truncates, i.e. for a given k the S-matrix receives perturbative corrections up to a maximum genus g max = 1 2 (k + 2) (k even) and g max = 1 2
(k + 1) (k odd). The corresponding set of terms in the low-energy expansion is listed in Table 1 . This genus truncation is in agreement with the modular structure of S-duality, together with the perturbative dependence in uncompactified IIB string theory together with further consistency conditions of the S-matrix. Furthermore, it is in agreement with the genus truncation of the conjectures for the amplitudes R 4 H 4g−4 in [22] . The non-analytic terms in the superstring S-matrix contribute orders in the derivative expansion below the starred entries in Table 1 . The leading primitive divergences of the supergravity are polynomials in momenta, with the non-analytic terms non-leading. In N = 4 super Yang-Mills theory these terms will therefore contribute only at sub-leading in N. 
From the expansion in (2.1) we may derive quantum corrected equations of motion and generate the finite λ and N terms in the boundary N = 4 gauge theory; in the following we consider the contributions from (2.1) for simplicity. The remaining terms in (2.8) may be analyzed in a similar way, and we shall comment on their contributions to the analysis when appropriate.
For obtaining the contribution of (2.1) to the stress tensor four-point function, we consider fluctuations around the background geometry AdS 5 × S 5 and vary four times with respect to the five-dimensional fluctuation around AdS 5 . Then we restrict to AdS 5 ×S 5 . The five-sphere contributes just a constant factor which we omit in the subsequent.
For the AdS 5 geometry we use the conventions and notations of [5] . In particular, for the square of the five-dimensional line element we have
, where z 0 ≥ 0 and z ∈ R d . The background solution for the AdS 5 compactification is
The curvature of the AdS space, L, is set to unity unless otherwise stated. The form in (1.1) translates tree exchange of the modes of the superstring and the higher genus orders in the holographic string theory on AdS 5 × S 5 to λ and N 2 effects, respectively, in the N = 4 gauge theory.
In this way we obtain for the effective four-point vertex 14) whereĝ is the fluctuation around the background geometry and a (2.13) generates the holographic Feynman-Witten diagram in Figure 1 and is dual to the contribution to the correlation of four stress-tensors by virtue of
is the appropriate bulk-boundary kernel. The space-time dependence of (2.15) is discussed in detail in Section 5 below.
We shall suppress the external graviton indices associated with the bulk-boundary kernel,
when it is clear from the text. Furthermore we define
where g labels the genus order and (k) the derivative order (k = 0 corresponds to eight derivatives) in the genus expansion. We define the the functions f without an overall factor of N 2 and note that they express both the coupling dependence as well as the space-time structure. The space-time indices in (2.18) will be suppresssed in the subsequent discussion of the coupling dependence. Furthermore we define
and
where g max is the maximum even genus in agreement with the genus truncation property as defined in the introduction. Low-energy holographic scattering in the bulk string corresponds in the dual gauge theory to a power series in the coupling around infinite λ. Integrating out modes in the string and fixing energy scales of the scattering at lower values (hence probing larger distances) does not correspond to energy scales in the dual field theory but rather the region in coupling space accessible in the approximation around infinite coupling; this translates the Wilsonian sense of energy scales to the boundary data and we must integrate out to more orders in the bulk to access finite coupling in the dual gauge theory. The massless graviton exchange given by (2.10) represents the supergravity approximation and has the coupling constant structure to be the leading N and λ contribution to the four-point correlation function. Its general form for the massless field exchange has been found in a number of recent papers [40, 41, 42, 43, 44] , and generically corresponds to coordinate space box diagrams in the boundary field theory with rational function coefficients in the position variables. Contact diagrams arising from integrating massive string exchange diagrams produces similar box integrals 2 , although in this case the results are found both by performing an α ′ expansion at higher genus as well as at genus zero as far as the massive modes are concerned. We find that the field theory box structure appears generically to all orders in λ and N in this approach, including the integration over the massless propagating modes, as illustrated in Figure 2 .
We shall step through the expansion in (2.15) to demonstrate the coupling structure from the point of view of IIB superstring theory and the regrouping of the terms in the S-dual variable. The general form of the large λ and N expanded correlation functions is found by using the covariantized S-matrix in (2.1) to leading order in N 2 through the α ′ expansion. Using the τ 2 2 expansion of (2.1), we list explicitly the functional dependence arising from 2 k R 4 for k = 0 through k = 4 in the N = 4 gauge theory: From the R 4 term we have, using the notation (2.19),
with a
0 the genus zero and a
1 the genus one terms of the gauge theory. The 2R 4 vanishes on-shell due to momentum conservation, and the next ones are, from 2 2 R 4 ,
1 ( Σ a i and from
The general dependence from (2.1) is
In the above we assumed the genus truncation property to hold, but we shall analyze possible higher order contributions in the next section. We now rearrange the series in (2.25) in a manner so that the N 2 dependence is manifest. The leading N dependence is captured by the first term in every series listed in (2.25). We use the notation (2.20). In the classical string theory limit we have, expanding in the string scale
Sub-leading N 2 -suppressed contributions are taken from the non-leading functions in (2.25). Each sub-leading series contains an infinite number of terms and are explicitly, from genus one,
2 ( 28) and from genus three,
The relative factors to the leading ones in the above series are 
where j denotes the genus order and k the α ′ order in the low-energy expansion of the superstring graviton scattering.
In taking the dual 't Hooft limit in (1.8) the perturbative series is re-organized and different terms in f j ( x j ) contribute. The strong coupling limit
isolates from the sum of the functions f j (
The remainder to (2.33) has terms of order
1/2 higher and are individually suppressed in this limit. A similar expansion in 1/N is available by collecting the terms in (2.31) at lower orders in λ. The series in (2.33) does not contain terms in tree-level string scattering in the background, and as such does not have a classical supergravity limit.
The important aspect of the series in (2.33) in the string context is that for every α ′ it just involves the maximum even genus contribution in agreement with the genus truncation property of [16] , which is defined after (1.6) of the present paper. On the Yang-Mills side, (2.33) is an expansion in the S-dual of the 't Hooft coupling to leading order in 1/N. We see that a field theory proof of the convergence of the expansion in (2.33) would imply the genus truncation property in string theory. Vice-versa, a string theory proof of the genus truncation property would imply the convergence of the field theory strong coupling expansion. We note that 't Hooft's original proof of the convergence of the large N planar expansion holds for a finite radius of convergence; together with the S-duality between the original planar expansion and the one considered here this provides strong evidence for the possibility of a field theory proof for the convergence of (2.33). The limit in (2.32) describes the dual planar limit of N = 4 gauge theory, and hence the monopole and dyonic dual description to the planar expansion in 1/N.
From the weak coupling point of view, the limit in (2.32) does not have a microscopic formulation because the gauge theory does not generate graphs perturbatively with the dependence in (1.8). The general diagram, for SU(N), of genus g with Lagrangian normalization
has a N-dependence in the correlator of gauge invariant composite operators O {i} ( x i ) in perturbation theory at small 't Hooft coupling
The chiral primary operators (composed of a symmetric traceless representation of n chiral fields φ i ) relevant to (2.35) are normalized so that
The dependence in (2.32) arises as a reexpansion of the N and λ series, with N large and λ/N 2 fixed, of the microscopic theory with graphs of weight (2.35). Although the weak coupling limit λ/N 2 << 1 does not permit a description in terms of a microscopic N = 4 gauge theory because there are no Feynman diagrams with the appropriate powers of λ/N 2 , it does have a perturbative description in terms of holographic IIB superstring theory on AdS 5 × S 5 . More specifically, it is described by the genus g calculations obtained directly from the N = 4 topological string, which have also been used to compute similar terms in the IIB superstring [36] with conjectured truncated complete results.
The correlation function, as an expansion in N, from the weak coupling side has the form based on the perturbative structure of Feynman diagrams,
Simply exchanging λ → N 2 λ to obtain a dual limit,
via S-duality of N = 4 super Yang-Mills theory gives the same function as in (2.37) . This exchange of λ with its dual would indicate that the dual 't Hooft limit has a power series expansion generically, if the original expansion does in both limits λ → 0 and λ → ∞ based on perturbation theory. However, the strongly coupled limit of F j (λ) is subject to have a limit, i.e. at infinite λ and finite N the terms in the series have a maximum power of λ.
For example, the four-point function from the string point of view generate at infinite N the structure of order 1 with a sub-leading contribution of order λ −3/2 . The existence of the strongly coupled limit in the large N limit requires additional input then just the functional form in (2.37) together with its dual relation (2.38).
The analagous statement made for the dual limit requires the re-expansion of the expression in (2.38) at large values of λ/N 2 together with the incorporation of instanton effects. The first instanton, for example, has the form
and does not fit into the expansion form of (2.37), which is based on the topology of Feynman diagrams. The consistency of the dual 't Hooft limit requires that the instanton expansion is compatible with the expansion in λ/N 2 . We require that in the large N limit that the power series does not generate an ever increasing number of terms with factors N 2p . A consistency check is to show that potential of this form terms could not exponentiate into an instanton type of effect in the dual limit (at sub-leading order in N).
The genus selection of the 2 k R 4 terms in the low-energy expansion in the limitλ = λ/N 2 fixed is related by supersymmetry to the amplitudes R 4 H 4g−4 in the string in [22, 36] because the same order in the genus is naturally obtained; a holographic formulation of this N = 4 superstring generates the coupling constant dependence of the dual field theory description. By virtue of S-duality, the existence of the series with (2.32) in N = 4 super Yang-Mills theory at finite values of λ/N 2 translates into the perturbative truncation property of the genus expansion.
Dual Planar Limit and Genus Truncation
The structure of the series in (2.25) is such that the N = 4 super Yang-Mills theory planar expansion at finite λ exists under the conditions outlined in (1.8). As we take N large in the λ/N fixed limit of (1.2), the leading order supergravity approximation is obtained because the individual terms in (2.25) go to zero as 1/N → 0. Similarly, at large λ and large N, the leading term of every 1/N 2p contribution to (2.33) is given by
with similar structure in the generic correlation functions. For a given factor N 2p the form indicates a maximum power λ p−1/2 in the λ series. The leading λ power indicates, in effect, an infinite number of non-renormalizations for the dependence on the sub-leading 1/N p terms at strong coupling (similarly to the perturbative series at weak coupling in an expansion in λ).
In this section we will investigate the possibility of higher genus occurences above g max in string theory; this would lead to an infinite number of higher order terms in (3.1) which are of higher order in λ. The duality between IIB superstring theory and N = 4 gauge theory has in the past given a non-perturbative insight into the latter. In this analysis we shall extract information about the perturbative string from the gauge theory through the dual description. Specifically, by assuming that the existence of the expansion in λ D in the S-dual of the 't Hooft limit may be proved within field theory, we show that contributions to the string perturbation theory expansion for which g > g max must be absent. In the dual planar expansion, λ/N 2 = fixed and N → ∞, the generic contribution from higher genus terms could generate terms that diverge individually in N of increasing power at a fixed power of λ/N 2 . For example, power counting at genus two relevant to the R 4 term gives
that at genus four relevant to 2 2 R 4 ,
and as another example, the genus three contribution to the R 4 term,
The general counting at order 2p in derivatives and at genus g follows from that in (2.25), i.e.
For g ≥ 1/2(p + 2) the factors of N increase relative to the leading N term at fixed λ/N 2 . (Note that there is an overall factor of N 2 which has not been included in the normalization of the counting in (3.5)).
Contributions to 2 k R 4 in the genus expansion with g > g max generate further λ/N 2 powers to (2.33) but with additional powers of N (or λ for fixed λ D = N 2 /λ). We label these terms byf ( x i ), with explicit form
The generalization to all of the even k terms in (2.25) is Table 2 : Non-analytic dependence tied to the leading even genus contributions. The former contributes at higher order in α ′ at the same genus order.
The sum over m p represents the possible higher genus contributions beyond those of g max , and the sum over a denotes the sub-leading in λ terms in (2.25). In (3.7) either each term diverges as N becomes large or is suppressed in N. Therefore, consistency with the convergence of the series in (2.33) in the S-dual of the planar limit, which we assume to exist in the field theory, requires that the divergent terms in (3.7) are absent and implies that there are no terms with g > g max in the string theory expansion. Moreover such terms would not be of the form (2.39) required by compatibility with the instanton expansion.
Tree-Level: Infinite N
The explicit summation of all of the leading derivative structures in (2.1) contributing at infinite N may be extracted from the tree-level superstring scattering amplitude. At treelevel in the graviton scattering amplitude there are no space-time fermions contributing to the amplitude, yet the boundary dual correlator is that of a supersymmetric field theory at finite coupling constant; the supersymmetry of the infinite N result is encoded in the isometry structure of the bulk spacetime related to the R-symmetry of the gauge theory. We shall compare the result with the expected unitarity and λ structure of the N = 4 super YangMills theory. The general covariantized n-point function of gravitons in IIB string theory at tree-level gives rise to a Koba-Nielsen like form of the correlation function n j=1 T a j b j ( x j ) at infinite N and finite λ. The integral result of the latter is expressed as a one-parameter integration (over the holographic dimension z 0 ) which contains the physical features of the correlator in N = 4 super Yang-Mills theory as described in this section. Similar amplitudes arising from (2.5) and (2.8) would need to be computed in order to obtain the complete large N result in the background.
The four-point graviton IIB scattering amplitude (in flat space) is described by the well-known amplitude in string frame,
and alternatively as
which may be found by summing over the four-punctured tori of the correlation of four graviton vertex operators. It is interesting to note that upon α ′ → −α ′ (corresponding to λ 1/2 → −λ 1/2 ) the ratio of gamma functions in (4.1) is inverted. The general n-point amplitude of gravitons with individual polarizations ǫ µμ decomposed into ǫ µ andǭ µ at tree-level is
found directly by the known path integration over the n-punctured super sphere; the form in (4.3) is to be expanded multi-linearly in the polarizations. The holomorphic half of the world-sheet scalar superfield Greens function is
and in (4.3) we have the measure 5) over the integration of the vertex insertion points with three fixed points (and the measure over the fermionic components θ).
The expansion in α ′ of (4.1) generates the low-energy expansion of the covariantized S-matrix, 6) which is the first in an infinite series in the genus expansion. The derivatives and their order in (4.6) are arranged in accord with the expansion of the four-point function in (4.1).
The explicit background expansion of the covariantized four-graviton scattering amplitude resummed in derivatives produces the Gamma function form in (4.1). Indeed, the ratio of Gamma functions is of the form, where the invariants represent the differential operators in the (1, 2), (1, 3) and (2, 3) channels such that
where the Fourier expansion would generate (k 1 + k 2 ) 2 in the boundary components from the partial derivatives. The explicit evaluation of the generating function, or one-parameter integral, for the N c → ∞ and finite λ correlation function requires the Gamma function with the differential argument in (4.8)
together with the propagation associated withe the graviton intermediate lines; the expression in (4.10) can be understood as an infinite expansion given in (4.6) of the k ≥ 0 terms, but resummed. We have included only the four-point graviton scattering in (4.10), and there are further contributions from the background effects associated with the terms in (2.5) and (2.8). The integration over the z components in (4.10) is straightforward after Fourier transforming to momentum space. The λ dependence is manifest in (4.10). We comment on three points regarding the integral form in (4.10). First, because the Gamma function structure in the integrand is inverted under λ −1/2 → −λ −1/2 the one-parameter integral (in z 0 ) representing the infinite N c correlator in (4.10) satisfies the reflection property,
for θ < π. The inclusion of the massless graviton exchange is one term in the series and by normalization is λ independent in the field theory; it does not change the analysis. As a function of the complex parameter λ −1 = e iφ |λ| −1 , it has a branch cut in the complex λ-plane; taking λ −1 = e iφ |λ| −1 and sending φ → φ + 2π the Gamma functions in (4.10) get inverted. After rotating twice in the complex plane the correlation function is invariant,
The square root of the coupling is what is required to make the dual correlator form in (4.10) invariant after two rotations in the complex plane. In perturbation theory the correlator is termwise a function of λ and so this monodromy structure does not appear in the perturbative series without resumming. At small λ coupling in perturbation theory there is no phase associated with the termwise rotation under λ → e 2πi λ. A square root branch cut reflecting the double cover of the λ plane possibly exists from λ = −1 to the point at infinity, illustrated in figure 5. There is a Z 2 ambiguity in relating the dual strongly coupled limit of the N = 4 gauge theory with that of the IIB superstring because of the branch cut in this description. The relation (1.1) together with the non-invariance of string theory as α ′ → −α is the origin of the ambiguity.
Second, the free-field limit of the correlation function in N = 4 super Yang-Mills theory is related to the Gross-Mende limit of the string scattering. The evaluation may be approximated by the application of Stirling's formula,
which might enable a comparison with the free-field theory limit obtained at λ = 0. Our third point refers to the unitarity structure and its comparison with the dual field theory result. As in (2.13) the holographic integral representation is found by four variations of the Einstein frame result in (4.1) together with an integration over the bulk points. The massless graviton contribution is obtained at low-energy by integrating over the supergravity modes directly in the AdS background. In the approximated form given in (4.6) the unitarity cut in the two-particle (12) channel (analyzed in detail in [41] ) found by 14) in the regime, The unitarity properties of the correlator in the two-particle channel at finite λ has a non-trivial structure found by summing and reexpanding the perturbative series. The string tree exchange in (4.10) generates unitarity cuts after integration over z 0 , found alternatively by resumming the low-energy scattering.
is not clear because the four-point graphs do not individually in perturbation theory possess the poles to extract the imaginary part. However, after resumming the expansion, i.e. in the form of (4.1), the poles at arbitrary mass level (and intermediate λ are obtained). Indeed, individually from the weak-coupling series in N = 4 super Yang-Mills theory there are unitarity cuts in the two-particle channel generically at every order in λ, illustrated in figure 6. They are found by integrating over z 0 and summing the series in α ′ ; the poles of the gamma function in (4.1) are obtained by integrating over z 0 at fixed momenta. The integration over z 0 in (4.10) in principle extracts the unitarity cuts of the complete N = 4 super Yang-Mills result (expanded around λ → ∞ as opposed to λ → 0) [45] .
Space-Time Structure
Here we calculate the explicit dependence of the contact diagram contributions to the stress tensor four-point function given by (2.15) . This leads to expressions involving Feynman parameter integrals which give rise to power series in the cross-ratios in general. For analysing the OPE structure of these expressions we evaluate these integrals in the limit when two of the four points approach each other. In Section 5.1 we discuss the OPE of two stress tensors for a general conformal field theory in d dimensions. In Section 5.2 we turn to the OPE behaviour of the four-point function arising from (2.15). In Sections 5.3 and 5.4 we analyze the triangle integrals arising in the discussion of the space-time structure for arbitrary separation of the four points. Related OPE investigations may be found in [46, 47, 48, 49] .
Operator Product Expansion
For a general d-dimensional CFT, the stress tensor OPE contains terms of the form (
where O 0 is a dimensionless scalar and V k is a conserved vector current of dimension d−1. The terms shown explicitly are all leading terms in the sense that the tensors t are of dimension t ∼ |x 21 | λ which λ ≥ d, such that they may potentially give rise to poles by virtue of [50] 1
where n = 0, 1, 2 . . .. There are leading contributions to (5.1), where 'leading' is used in the sense discussed above, for example scalar operators of dimension η ≤ d or from a twoform operator F ab of scale dimension d − 2. For our discussion here however it is sufficient to consider the terms shown. Of course there are also non-leading terms contributing to (5.1). As discussed extensively in [51] , [52] , the tensors t play a crucial role in constructing conformal three-point functions. In [51] it was shown that for a d-dimensional CFT, the three-point function involving two stress tensors and a third operator O J of arbitrary spin J and dimension η (here O J ∈ {O 0 , V k , T kl }) is given to leading order by
where
is the defining representation of the inversion and
the projector onto traceless symmetric tensors which satisfies
It was shown in [51] that the form (5.3) for the conformal three-point function is unique in the sense that it is both necessary and sufficient. The tensor t J has to satisfy constraints arising from symmetry and stress-tensor conservation.
Let us now consider the stress tensor four-point function. When x 1 → x 2 we have (
where the three point functions are of the form (5.3). As was shown in [51] , the three point function involving the dimensionless scalar O 0 ( x 2 ) is independent of x 2 and is proportional to the two-point function
is also proportional to the two-point function, 10) such that the dimensionless scalar in the OPE leads to the contribution to the four-point function which factors into two two-point functions,
As discussed in [52] , T a 1 b 1 ( x 1 )T a 2 b 2 ( x 2 ) contains a pole due to (5.2). As far as t
3) is concerned, it was shown in [52] that although the dimension is t
, such that a pole of type (5.2) might be expected, the tensorial structure ensures that there is no such pole if energy-momentum conservation is imposed. We expect a similar result to hold for t
String theory contributions to the stress tensor four-point function
We are going to show that the contribution to the stress tensor four-point function (2.15), which corresponds to contact diagrams for the graviton scattering, does not contain any leading OPE term in the sense that when x 1 → x 2 , there is no term involving | x 21 | −λ with λ ≥ d, which implies that the tensors t J discussed above are identically zero for this contribution. For the explicit evaluation of (2.15) we generalize techniques developed in [53] . At first we consider the case k = 0 in (2.15), which corresponds to the well-known R 4 term, and discuss the extension to k = 0 and to the five-form terms later on.
For the AdS 5 geometry we use the conventions of [5] . We use the AdS 5 bulk-to-boundary propagator in the the Donder gauge [54] , which is given by
Our conventions for the connection and for the covariant derivatives are 14) where for the AdS metric we have g µν = 1 z 2 0 η µν . For evaluating the vertex given by (2.15) we make use of the fact that for the metric fluctuations around the background we have 15) where the antisymmetrization is in pairs [µ, σ] and [ν, ρ]. We find that
the form of which is of particular importance for the evaluation of the four-point function. This result is very similar to a result of [5] for the bulk-to-boundary gauge field propagator G G for which [55] .
With these ingredients the stress tensor four-point function defined in (2.15) is given by
The overall factor of z 16 0 compensates for the lowering of sixteen indices. For reference the explicit expression for the t 8 tensor is given in the Appendix. We perform an inversion in x 1 according to the method of [5] and define
This gives for the four-point correlation function as given by (5.18)
T is given by (5.4) . In defining t T T T T we have used the fact that the integral in (5.22) depends only on the differences
(5.23)
Note that these variables are of the same form as the variable X in (5.4). The expression (5.21) is very reminiscent of the general construction procedure for conformal three-point functions of [51, 52] as described in 5.1, and gives some indication how this procedure may be generalized to four-point functions. The next step is the evaluation of the integral in (5.22) . Since this is a tedious task we just outline the calculation here and proceed to the determination of the leading terms when x 1 → x 2 . In the general case the evaluation of the integral necessitates the extraction of derivatives with respect to the x ′ m such as to obtain a collection of scalar integrals. In order to achieve this, we decompose the sum over indices in (5.22) by writing µ= (0, m), where 0 stands for the bulk coordinate and the Latin indices for the coordinates parallel to the boundary. We demonstrate this procedure using the simple example of two antisymmetric tensors M and N: the necessary derivatives with respect to x may be extracted using the algebraic computing program FORM. The results are given in the Appendix. The procedure outlined here gives a sum of scalar integrals of the type 27) with a collection of derivatives acting on them. There are at most four derivatives for every x. The tensor structure is completed by a number of Kronecker δ's. The integral (5.27) may be evaluated using Feynman parameter methods which give
, with x . By a standard change of variables we obtain
and | x
Although the form in (5.30) is sufficient to extract the leading behavior, we perform a further transformation as in [21] to simplify the analysis, 32) which gives, omitting the overall prefactor,
we see that when ξ → 0 the dominant contribution to the β ′ 2 integral comes from the region where β ′ 2 ≃ 0. In this region the second tern in the denominator of (5.33) is independent of β ′ 2 and the integral factors to give
For ∆ 2 + ∆ 1 = ∆ 3 + ∆ 4 we perform the β ′ 2 integral explicitly which leads to a hypergeometric function whose leading term involves lnξ. In this case we have
With the help of these general results we may determine the leading behaviour of (5.22). As an example for a term present in (5.22) we consider
Here no extraction of derivatives is necessary since the tensor structure is entirely given by Kronecker deltas. Using the results for Feynman integrals described above, in particular (5.34), we find for x 1 → x 2 :
Together with the factor of I T /x In extracting the derivatives a dimensional regulation in d is used to ensure finite scalar integrals at every step of the calculation. However after taking the derivatives again after evaluating the integrals, all expressions are finite such that the regulator may be taken to zero.
By inspection of the expressions for the I R listed in the appendix we see that the derivative terms are of the general form
where the tensor structure (δ · · · δ) in (5.38) is determined by a combination of Kronecker deltas and derivatives. Furthermore defining q i to be the total number of derivatives extracted with respect to the variable x ′ i1 , we have for the numbers n 2 , n 3 , n 4 in (5.38)
The a i are integers for which a i ≥ 0. b is an integer for which 2 ≥ b ≥ 0, which is non-zero if an odd number of derivatives is extracted for any of the three variables x
. For the discussion here we note that (5.38) may be written as a Feynman parameter integral of the form (5.29). These integrals are evaluated explicitly in Section 5.3.
We now consider the expression we obtain when consecutively evaluating the derivatives explicitly when acting on the Feynman parameter representation (5.29) and (5. For determining the scaling behaviour of the x 12 dependence it is convenient to define the following integers: With these definitions we obtain
where 
N contain x ′ 21,l . In the limit x 1 → x 2 we calculate the integral using (5.34) or (5.37) to obtain
Here x ′ 34 is now independent of x 1 ,
t is a tensor which is of a similar structure as the tensors t in (5. 
Since by definition all the integers in this condition are non-negative, this condition is always satisfied. Therefore we have proved that the contribution to the stress-tensor four-point function given by (5.22) contributes only non-leading terms involving operators of dimension η ≥ 2d to the stress-tensor OPE.
It is straightforward to see that our argument extends also to contributions with k = 0 in (2.15). Any additional
D by 2 at most, but increases ∆ 2 by the same amount at the same time such that (5.44) is not modified. Moreover the general terms in the string scattering elements, including those involving the background values of the five-form field strength in (2.5), are of the form 2 k R 4 , and in a similar way these terms do not contribute any leading terms to the OPE through the holographic scattering.
Finally we note that the absence of leading terms in the OPE implies that the contributions to the stress-tensor four-point function discussed here are not linked to the stresstensor two-and three-point function by any Ward identity, which is consistent with the non-renormalization properties of the two-and three-point functions. In fact, the diffeomorphism and Weyl symmetry Ward identities expressing conservation and tracelessness of the stress tensor are of the form 46) where the dots denote permutations of (2 ↔ 3 ↔ 4) and terms involving two-point functions.
According to (5.2), the necessary delta distributions on the right hand side of the Ward identity are generated by those terms on the left hand side which in the limit x 1 → x 2 involve | x 21 | −λ with λ ≥ d, and similarly for x 3 , x 4 . As we have shown above, the four-point function contributions discussed here do not involve such terms.
However we expect the stress-tensor four-point function contribution corresponding to exchange diagrams in the supergravity approximation to contain such leading terms, such that the Ward identities above are satisfied by the full stress-tensor four-point function obtained from the AdS/CFT correspondence. Moreover we expect massless supergravity exchange contributions to contain terms which factor into two-point functions (at leading order in λ large).
Triangle diagram structure
In this section we give the form of all of the triangle integrals necessary to reproduce the contributions to the four-point correlation function at intermediate values of the coupling within our approach, except for the non-analytic terms which are not considered here. The form of the integral in (5.27) is related to a triple off-shell triangle integral with massless internal lines. The d dimensional version of which has been evaluated in terms of Appel functions in [56, 57] . We give the form here, together with the parameters necessary to map between the two expressions.
The off-shell triangle described by
is related to the integral in (5.27) by the redefinition of the variables, 50) in addition to a normalization factor found after comparing the two integrals in a Schwinger proper time form. In comparing the integral forms we appeal directly to the latter form in (5.40) and refer the reader to [56, 57] for the derivation.
The result for the integral in (5.27) in terms of the two independent conformal invariant cross-ratios in (5.30) (where η = Q We expect the general structure of the one-loop n-point field theory interpretation of the dual to the IIB superstring scattering to persist at finite λ and N for this reason in the covariantized scattering approach.
Discussion
In this work we have examined the dual relation between IIB superstring theory and N = 4 super Yang-Mills theory, exploring a number of issues: 1) a formulation of the N = 4 gauge theory which is S-dual to the planar limit, 2) the implications of the former for the genus truncation property of the IIB superstring theory at finite couplings, 3) the spacetime structure of contributions to the correlation functions in the gauge theory arising from string theory, 4) the pole structure of the OPE for these correlators, 5) features associated with infinite N c and unitarity in the correspondence including one-parameter integrations associated with correlators in accord with Källen-Lehmann representations.
The determination of the space-time integral forms and the coupling structure is a step towards finding the operator product expansion in N = 4 super Yang-Mills theory at intermediate values of the coupling constants. Given the strong form of the AdS/CFT duality and the self-equivalence of IIB superstring theory, the OPE structure is related to the string scattering at different energy scales. We have not analyzed the non-analytic terms in the string scattering in detail within this work, but rather the class of polynomial terms occuring in the expansion of the string S-matrix. These terms generate a class of configuration space triangle diagrams on the field theory side (generally box diagrams, which due to conformal invariance may reduced to triangle diagrams by performing an inversion), whose form suggests that these integral functions are dual to the weak-coupling Feynman diagrams contributing to the correlation function.
The one-parameter integral representations in Section 4 of the large N limit representing the space-time results on the boundary resemble Källen-Lehmann forms in perturbative supersymmetric Yang-Mills theory. By virtue of the strong form of the duality, the infinite curvature limit corresponds to free-field results for the correlators. A deduction of Feynman diagram representations of the correlators in this limit would demonstrate the duality at different regions in coupling space. The presence of non-renormalization theorems indicates that this limit can be taken.
The constraints of S-duality and kinematics imply many features of the superstring scattering and the N = 4 gauge theory. In particular, S-duality indicates additional cancellations in the truncation of the IIB superstring to its massless modes in backgrounds preserving all of the supersymmetry. Via the strong form of the AdS/CFT correspondence, this is supported by the existence of an S-dual of the planar expansion in N = 4 super Yang-Mills theory.
In the S-dual of the 't Hooft limit there is no classical supergravity description. However in this limit the coupling structure is such that the superstring theory is potentially to be described by N = 4 topological string calculations [22] . This relation between the S-dual limit and the N = 4 topological string theory indicates that there may be a simple description of non-supersymmetric gauge theory in this strong-coupling regime, which may be obtained by a resummation of the perturbative regime or by a string description. (7.10)
The M γ/2 factor represents the difference from the standard four-point scalar conformal diagram without any derivatives, i.e. the box diagram. Note that with non-zero γ the form in (7.8) is that of a conformal box diagram evaluated in dimension d = 4 − a + a j .
The integrals in (7.5) for γ = 0 are finite; the range of a j is |a j | ≤ 2 and for d ≥ 4 the arguments of the gamma functions are finite. However, for large enough values of γ, the prefactor in C γ a;a j develops a pole after regulating, for example, with dimensional continuation (d = m − ǫ and m integer); the origin of this pole is an ultra-violet divergence found in standard field theory by integrating a box diagram with multiple insertions of loop momenta in the numerator. For this reason the integrals in these cases have to be evaluated to first order in ǫ.
We note that in d = 4 and for γ = 0 the integrals above may be found by multiple differentiation with respect to x 2 ij of the scalar box function B = dα j δ(1 − α j ) ( i =j α i α j x 2 ij ) 2 .
(7.11)
